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A method has been presented for constructing non-separable solutions of 
homogeneous linear partial differential equations of the type F(D, D’)W = 0, 
where D = a/ax, D’ = alay, 
F(D, D’) = c C,,DrP, 
~+~=O 
where c,, are constants and n stands for the order of the equation. The method 
has also been extended for equations of the form @(D, D’, D”)W = 0, where 
D = a/ax, D’ = alay, D” = ala2 and 
@(D, D’, Dn)W = c C,,tDrD’*DD”‘. 
r+li+*=Ll 
As illustration, the method has been applied to obtain nonseparable solutions of 
the two and three dimensional Helmholtz equations. 
1. INTRODUCTION 
Methods of construction of non-separable solutions of homogeneous linear 
partial differential equations have been duscussed by Miller [I] and 
Forsyth [2]. Recently Moseley [3,4] has presented some non-separable 
solutions of the two and three dimensional Helmholtz equation in connection 
with certain vibration problems. Moseley’s method of obtaining such non- 
separable solutions is that of operating the known separable solutions of the 
equations by some differential operators and the construction of these dif- 
ferential operators appears to be intuitional in his papers. In the latter 
paper [4], Moseley obtains a certain class of non-separable solutions for the 
three-dimensional Helmholtz equation, in Cartesian Coordinates, for which 
the corresponding differential operators have not been worked out. 
In this paper we have given a straight-forward method of working out 
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such differential operators leading to non-separable solutions of the more 
general equations of the forms 
(i) F(D,D’)W= 5 c+.pD’sW =0 
++s=o 
and 
(ii) @(D, D’, D”) WE f c,,tD+D’SD”tW == 0, 
r+s+ t=o 
where D = a/ax, D’ = alay, D” = a/&, and c,, and c,.,~ are constants. 
Here 11 stands for the order of the partial differential equations considered. 
In Section 2 we have discussed the equations of the form (i) for their non- 
separable solutions. In Section 3 we have considered an example of an equa- 
tion of the type (i). This is the two-dimensional Helmholtz equation in 
Cartesian coordinates and we have obtained the operators defined in [4] as 
special cases of our general operators constructed in Section 2. 
It has been shown in Section 4, how the method, discussed in Section 2, 
can be extended for equations of the form (ii). In Section 5, the three-dimen- 
sional Helmholtz equation has been taken up as an example of the equations 
of the type (ii), and we have obtained various operators leading to non- 
separable solutions of this equation. In particular we have obtained the opera- 
tor O,, defined by Moseley [4] as well as the operator which Moseley [4] has 
not worked out for obtaining certain class of non-separable solutions. 
2. THE EQUATION F(D, D’)W = 0 
The separable solution of the equation 
F(D, D’) W = 0, (D = a/ax, LI' = ajay) (2-l) 
is given by 
W = exp(m + by), (2.2) 
where 
F(a, 6) = 0. (2.3) 
Treating (2.3) as the definition of b as a function of a, say b =+(a), and 
differentiating (2.2) with respect to a, we obtain 
aw aw awdb -c- 
af2 aa +abZs 
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so that, by (2.3), 
aw I -E- 
aa Fb ( 
Fb; --Fat, TV. 
Similarly, 
(2.4) 
if (2.3) is treated as the definition of a as a function of 6. 
Therefore, since aWjaa and ziW/ab do not involve differentiation w.r.t. 
x ory, 
W’l’=X 
( 
Fb;-F&) W, (2.6) 
can be taken as a solution of (2. I), where Fa and Fb are the partial derivatives of 
F(a, 6) w.r.t. a and 6, respectively, and A is a constant, 
Let us define the operator 
(2.7) 
Then 
o;w = WC,) (2.8) 
is also a solution of (2.1), where m is any positive integer and W(m) satisfies 
the recurrence relation 
W(m) = &ph-1) , (m = 1, 2, 3,...) (2.9) 
W(O) being the separable solution IV, given by (2.2). 
Each of these solutions TV”) (m > 1) is a non-separable solution of (2.1) 
and is deduced from the separable solution (2.2). One may also construct a 
polynomial operator 
(2.10) 
where ar’s are constants, and obtain the non-separable solution of (2.1) in the 
form 
(2.11) 
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3. EXAMPLE 
The Helmholtz equation 
( 
a2 - as + + + q w = 0, 
where, 
W = sin(f2.X + a) sin& + 8) 
is a separable solution, where 
F(a, b) = a2 + b2 - I? = 0. 
The operator O,, is 
with h = + and this operator is the same as that defined in [3]. 
Thus one can easily construct several non-separable solutions of the two- 
dimensional Helmholtz equation in Cartesian coordinates. 
4. THE EQUATION @(D, D’, D”)W = 0 
The separable solution of the equation 
@(D, D’, D”) W = 0 (4.1) 
is 
W = exp(ax + by + cz), (4.2) 
where 
@(a, b, c) = 0. (4.3) 
As in Section 2, if Eq. (4.3) be treated so as to define c as a function of a and b, 
we obtain 
and 
aw i --- 
aa DC ( 
@ E! - @ aw 
’ aa a ac ) 
aw ~+DCgLb~~). 
c 
Therefore, one may choose each of 
(4.4) 
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or a linear combination of these three with constant coefficients, which may 
involve a, b, c also, as a solution of (4.1). Thus, in this case, the operators 
generating non-separable solutions from the seprable solution (4.2), can be 
taken as: 
or, 
or, 
(4.5) 
(4.7) 
or, 
02 =f&, b, 4 02 + f&, kc) 02 +f3ta, b, 4 0% (4.8) 
where fi , fi , f3 are any three functions of a, b, c, and A, p, v are constants. 
One can construct, as in Section 2, the following non-separable solutions 
of (4.1): 
W!“’ zz {@}m w * (i = 1,2,3,4), (m = 1,2,3 ,...) (4.9) 
where 
w(m) = OWw~m-1) 
I 3c % 9 (m = 1, 2, 3,...) (4.10) 
and WiOl E W is the corresponding separable solution (4.2). Also, as in 
Section 2, a polynomial operator in Ofi can be constructed in this case, to 
obtain other non-separable solutions. 
5. THE THREE DIMENSIONAL HELMHOLTZ EQUATION 
The three dimensional Helmholtz equation, in Cartesian coordinates, 
( (5-l) 
has separable solution 
W = sin u sin v sin w, 
where 
tJ=(wE+oL, v = by + 8, w=cz+y 
and 
(5.2) 
(5.3) 
a2 + b2 + c2 = K2. (5.4) 
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In this case 
@(a, b, c) = a2 + b2 + c2 + KS. 
(K is a constant of the problem). Thus the operators generating the non- 
separable solutions of the Equation (5.1) can be defined as, [cf. Eqs. (4.5)- 
(4.8)1 
o(l) =,a-,a 
3c ZJa ac' (A = *I 
o(2) =,a-,!? 
3c ab ac' (P = 3 
a a 
Og’=baa-aab, (v = a- 
(5.7) 
(5.8) 
The operator O,, , defined in [4], to generate the set of nonseparable solutions 
deduced there, is the operator 0::) in (4.8), with fi = 1, f2 = - 1, fa = 1, 
and 04:’ (i = 1, 2, 3) as given by (5.6)-(5.8). 
The class of non-separable solutions, only one of which has been obtained 
in [4] and for which the operator has not been worked out, consists of the 
solution 
W(l) = x sin u(b cos v sin w - c sin v cos w) 
+ y sin v(c sin u cos w - a cos 24 sin w) 
+ z sin w(a cos u sin v - b sin u cos v). 
(5.9) 
This solution is presented in [4] through Eq. (3.1). The next solution 
lV2) of this class as given in [4] through Eq. (32) does not satisfy the Eq. (5.1) 
at all and hence IV2) is not a solution of the equation. But as soon as the opera- 
tor, to obtain W(l), is worked out, it is not difficult to obtain the other solu- 
tions of this class. It is very clear from the form of W(l), that no single sepa- 
rable solution of (5.1) will give rise to this non-separable solution W(l) if 
one operates the separable solution by any of the operators OC), Oif’, Oi:), 
0::) or any combination of them. But this non-separable solution can be 
constructed as follows: 
We know that 
WI = sin u cos v cos w, W, = sin v cos w cos u, 
W, = sin w cos u cos v, 
(5.10) 
are separable solutions of (5.1), where II, v, w are defined in (5.3) and where 
Eq. (5.4) is satisfied by a, b, c. 
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We easily verify that the solution lV1) in (5.9) is given by 
W’l’=c 
( 
aw, aw, a a __ - __ 
1 ( 
- 
Za 8b bz-az W,, 1 
(5.11) 
where Eq. (5.4) has been treated as the definition of c as a function of a and b. 
Thus W(l) cannot be expressed as 
W”’ = LW, 
where L is some differential operator in a and b with coefficients as functions 
of a, b, c, and W is a separable solution of (5.1). But if three separable solutions 
of (5.1) are taken, as given in (5.10), the non-separable solution W(l) can be 
constructed as [cf. Eq. (5.1 I)]: 
where 
w(l) = L1”( WI) + L!)( W,) + Ly( W,), 
L(l) = - c E 
1 
L(l) = c a L(1) yaa-,?m 
ab ’ 2 aa’ 3 ab aa ’ (5.12) 
Thus one can construct other non-separable solutions, of this class, by the 
formula 
W’“’ = Lfq WI) + Ly( W,) + Lpq W,), Cm> 1) (5.13) 
where Lj”)( Wi) means that the operator Li has been operated m times on Wi . 
Similarly many other non-separable solutions of Eq. (5.1) can be con- 
structed and various operators can be worked out to generate non-separable 
solutions of partial differential equations for which the separable solutions 
are known. 
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